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THE THEORY OF PROPELLERS 

I V  - THRUST, ENERGY, AND EFFICIENCY FORMULAS FOR SINGLE- 

AMD DUAL-HOTATIMG PEOPELLERS WITH IDEAL 

C I R C U L A T I O N  D ISTR IBUT I O N  

By Theodore Theodorsen 

Simple and exac t  expressions a re  given f o r  the 
e f f i c i e n c y  of s ing le-  and dua l - ro ta t ing  propel le rs  wi th  
i d e a l  c i r c u l a t i o n  d i s t r i b u t i o n  as given by the Goldstein 
func t ions  f o r  s ing le - ro t a t ing  propel le rs  and by the new 
functions f o r  dua l - ro t a t ing  propel le rs  f rom p a r t  I o f  the 
present  s e r i e s .  The e f f i c i e n c y  i s  shown t o  depend 
pr imar i ly  on a def ined load f a c t o r  and, t o  a very s m a l l  
ex ten t ,  on an a x i a l  l o s s  f a c t o r .  Tables and graphs a r e  
included f o r  p r a c t i c a l  use of the r e s u l t s .  The present  
Daper i s  the f o u r t h  i n  a s e r i e s  on the theory of propellers.  

INTRODUCTION 

The th rus t ,  the energy lo s s ,  and the e f f i c i e n c y  of 
a p rope l l e r  a re  given completely and uniquely by the 
condi t ion o f  the wake far behind the propel le r .  Detailed 
knowledge o f  the p rope l l e r  required t o  c r ea t e  the 
p a r t i c u l a r  wake p a t t e r n  I s  not  needed; i n  f a c t ,  the pro- 
p e l l e r  i s  no t  uniquely determined by the wake pa t t e rn .  
An element o f  l i f t  may be transposed i n  a d i r e c t i o n  
tangent t o  the vortex surface i n  such a manner a s  t o  
maintain the i d e n t f c a l  vortex pa t t e rn  f a r  behind the  
propel le r .  

Several  equivalent  p rope l l e r s  may thus e x i s t  - all 
w i t h  the same vortex surface far behind the propel le r .  
Such q u a n t i t i e s  as  the diameter,  t he  p i tch ,  and the r a t e  
of advance of the surface o f  d i s c o n t i n u i t y  far  behind 
the p rope l l e r  a re  therefore  o f  a more fundamental 
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s igni f icance  i n  many similar  q u a n t i t i e s  
r e f e r r i n g  t o  the prop e ,  i t  has  been 
found convenient f o r  t i c a l  treatment 
t o  consider  a l l  quant t o  the condi t ions 
o f  the u l t imate  wake. n a l  s tage  of the 
a c t u a l  design of the propel  e i n t e r r e l a t i o n s  
of the p rope l l e r  and the  u l t imate  wake of concern. For  
the present  i nves t iga t ion  only knowledge of the ul t imate  
wake i s  required.  The th rus t ,  the various energy losses ,  
and the e f f i c i e n c y  are dependent only on the u l t imate  
wake. 

The present  naper i s  the fou r th  i n  a s e r i e s  on the 
theory o f  p rope l l e r s ,  The f i r s t  o f  the s e r i e s  ( r e f e r -  
ence 1) d e a l s  w i t h  a s e t  of  new f'unctions for the t h r u s t  
d i s t r i b u t i o n  of dua l - ro ta t ing  p rope l l e r s .  The second 
( re ference  2 )  concern6 the a x i a l  i n t e r f e rence  ve loc i ty ,  
and the th i rd  ( re ference  3 )  t r e a t s  of the cont rac t ion  
of the 
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angular coordinate on vortex sheet  

t i p  radius  o f  p rope l l e r  

nondimensional radius  i n  terms of  t i p  radius  

a x i a l  coordfnate 

number o f  blades o f  p rope l le r ;  a l so ,  pressure 

c i r c u l a t i o n  a t  rad ius  x 

angular vel oc i  t y of p rope l l e r  

advance ve loc i ty  of propel1,er 

rearward displacement v e l o c i t y  of h e l i c a l  vortex 
surface ( a t  i n f i n i t y )  

advance r a t i o  (luY) 
c i r c u l a t i o n  funct ion for s i n g l e  r o t a t i o n  

2?r( v + w ) w  
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K(x,e) c i r c u l a t i o n  funct ion ror dual r o t a t i o n  
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mass c o e f f i c i e n t  

pro jec ted  a r e a  of h e l i x  ( a t  i n f i n i t y )  

cont ro l  surface ( a t  i n f i n i t y )  

volume of wake region 

d e n s i t y  o f  f l u i d  

in t e r f e rence  ve loc i ty  

axial  in t e r f e rence  ve loc i ty  

r a d i a l  i n t e r f e rence  ve loc i ty  

t angen t i a l  i n t e r f e  rence ve loc i ty  

ve loc i ty  po ten t i a l  

t h r u s t  

p i t c h  of  wake h e l i x  ( 2n viw) 
a x i a l  energy-loss f a c t o r  

r a d i a l  energy-loss f a c t o r  

tangent i  a1 ene rgg-los s f a c t  o r  

enepgy loss i n  wake 

(*v*: ;) e f f i c i e n c y  

s p e c i f i c  loading f a c t o r  r e fe r r ed  t o  wake a t  
i n f i n i t y  (25) 

Fp V 
apparent induced displacement ve loc i ty  a t  

p rope l l e r  d i s k  

3 
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MASS COEFFICIENT Iz 

In  reference 1 the concept of a mass c o e f f i c i e n t  
was introduced. By d e f i n i t i o n  

1 
K T Z l  K(x)x dx 

where 

prw K(x) = 
2n(v  4 w ) w  

and x i s  the nondimensional radius o f  the wake. In  
more general  terms t o  include a l s o  dua l - ro ta t ing  pro-  
p e l l e r s ,  K may be defined by 

where K ( x , B )  i s  a func t ion  of both the rad ius  x and 
the angle 8 or the time t. The c o e f f i c i e n t  K. i s  
thus  the mean value o f  the c i r c u l a t i o n  f a c t o r  K ( x , 6 )  
over the a rea  of the wake c r o s s  sect ion.  

It i s  shown i n  the following d iscuss ion  t h a t  the 
momentum 

contained i n  the space 0 enclosed between t w o  i n f i n i t e  
planes perpendicular t o  the  axis a t  a d i s tance  between 
them equal  t o  the d is tance  between successive sur faces  
of d i s c o n t i n u i t y  i s  equal  t o  

KWF 

The designat ion "mass coe f f i c i en t "  o r ig ina t e s  from th is  . 
r e l a t i o n .  The mass of a i r  s e t  i n  not ion  w i t h  a veloc- 
i t y  w i s  of  the c ros s  sec t ion  KF o r ,  i f  the column F 
i s  considered t o  be i n  motion, i t  w i l l  a t t a i n  the mean 
ve loc i ty  KW; hence the term f f m a s s  coe f f i c i en t "  i s  used 
for K. Reference 1 gives  the c i r c u l a t i o n  func t ion  R(x) 
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mag be 
i s  not 

c i e n t  

not  t o  

or Ic(x,O) and %he mass c o e f f i c i e n t  tc f o r  all s i g n i f f -  
cant cases of s ing le-  and dual-rotating p r o p e l l e r s  , It 

Seen l a t e r  t h a t  the mass coe f f i c i en t  K times w 
e x a c t l y  i d e n t i c a l  with the t h r u s t  coe f f i -  
1 

the t h r u s t .  

re fe rs  t o  8 c e r t a i n  momonturn and. 3 

GELTEZAL CONSIDSRATICNS O? PZOPELLER YIITH 

IDEAL CIRCULA'TI~~FT DISTRIBUTION 

Expressions w i l l  be given l o r  the thrust and energy 
loss f o r  both s ingle-  and dual-rotat ing p r o p e l l e .  S .  The 
d iscuss ion  I s  r e s t r i c t s d  t o  the case of the i.deaL cZrcu- 
1a"cion d i s t r i b u t i o n .  In  t h i s  case,  the surface o f  
discont2nui ty  moves backward as a r i g t 6  surface at a 
constant rate of motion W. The equation of  motEon may 
be written i n  the form 

1 + -p"2 4- p- = 0 
o t  P - P o  

,- 

whore the suhscr rp t  ct refsi-a to the condi t ion a@ 
inf iyLi%y w i t h  the med im a t  rest, Secause of the 
stipulation 3hat the a n t i r e  f i e l d  veves backward as a 
rlgid body, the r e i a t i o a  

jd = f ( z -v f t , x ,8 j  

e x r s t s  and, consequently, 

b t  bz 

Since 92- - VZ¶ 87, i t  fol lows that 

and the equation of mokion f o r  t h i s  type of r igid-  
p a t t e r n  displacement f l o w  i:,, i n  general, 

(1) 
1 

p - p, 4- zpv2 = p'wvz 

e 0 m ID41 iT I AL 
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C4LCUf;ATIOhr 03' THRUST 

Jn ca1cula-t;: the t h r u s t  31er, ik i s  
convenfent t o  urfqlm, which 
encloses  the D s t a n t  from 
i t .  The contr chosen a s  a cube with 
i n f i n i t e l y  16ng sides  and with the p r o p e l l e r  a t  the 
center  and the wake d l r e c t e d  p pendicular t o  one wall 
crossing i t  1.n the middle and tending in f  i n i  t e l g  f a r  
beyond o r  outside tha con t ro l  surface, Let the centar  
of the wake be the z -sx is .  By meth.ods of c l a s s i c a l  
mechanics, the instantaneous thrust  i s  obtained as 

S, 

Introducing equation (1) transforms th i s  i n t e g r a l  t o  

Since the  t h r u s t  may vary w i t h  t ima as i s  the case 
f o r  the i d e a l  dua l - ro t a t ing  propel le r ,  an I n t e g r a t i o n  must 
d B 0  be performed w i t h  respeck t o  time. T h i s  f n t e g r a t i a n  
r e s u l t s  i n  the  expression 

~~~~V + w)v, + vE2 I v 2  dS d t  
2 3 

Since $ and therefore  the valoa-itiea v and va are 
h n c t i a n s  o f  z - w t ,  t h i s  iritsgral, may be o$tained as 
a volume integral takan over  a volime of i nf I n i  t e  
c ros s  section S and a l ength  along the a x i s  z equal 
t o  the dfs tance  between succsssive vortex ahects.  This 
dis tance  is 

H v + w  - = 2 n - - T -  
P OP 

where p i s  the number o f  blades.  The i n t eg ra l  thus 
becomes 
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where the surface i n t e g r a l  i s  taken over one t u r n  o f  the 
vortex surface w i t h  dS as the pro jec t ion  on the sur- 
face S perpendicular t o  the a x i s  2 .  \With 

th.e following r e l a t i o n  i s  obtained: 

This r e l a t i o n  may be transformed by the  intr2oduction of 
the  mass c o e f f i c i e n t  K ( see  ref'erence l), which i s  
defined as the mean value o f  R ( x , 8 )  over the qrojected 
wake a rea  

IC = 5 s , K ( . , 8 )  dS 

Then 

For the second i n t e g r a l  occurring i n  the expression f o r  
the t h r u s t ,  a s fmi l a r  t rsatment  x i e lds  

v2 do yiw2F 
1. 
-H P 

Fina l ly ,  by d e f i n l t i o n  o f  a quan t i ty  E, which may be 
recognized a s  the a x i a l  energy-loss f a c t o r ,  the t h i rd  
i n t e g r a l  L s  

C ONF IDENT IAL 



This i n t e g r a l  i s  obviously %he expression 
a x i a l  energy l o s s  contained i n  the volume 
successive vortex s h e e t s a  Since vz2(v2, 
t h a t  E<K and ~ < l .  E 

ACR No. 

f o r  twice the 
0 between 
i t  i s  ev ident  

137 use of these t3sree expression?, the t h r u s t  may 
be wrf t t en  5.n the siypn’l~ form 

By methods o f  c l a s s i c a l  mech.anics, i t  can be shown 
t h a t  the expression for the fnstaiitanecms energy loss f n  
the wake i s  

Bg use o f  r e l a t i o n  (1) th i s  expression becomes 

By i n t e g r a t i n g  over tiwe and t r a n s f e r r i n g  t o  a volume 
I n t e g r a l  a s  wag done f o r  the t h r u s t ,  the expression i s  
changed t o  

Replacing the i n t e g r a l s  vz2 do and & do as 

before g ives  f i n a l l y  
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E FF IC IENC Y 

With the  t h r u s t  and the energy loss lmown f r o m  
equattons ( 2 )  and ( 3 1 ,  the e f f f c i e n c y  def ined a s  

' = T V + E  
i s  given by TV 

o r  

- 
With the in t roduc t ion  o f  a nondLmensiona1 quan t i ty  
the e f f i c i e n c y  becomes f i n a l l y  

w = w/V, 

1 + G@ -!- ;) 
n =  

which i s  the exact  exprsssion for the i d e a l  e f f i c i e n c y  of 
the heav i ly  loaded s ingle-  o r  dua l - ro ta t ing  propel le r .  
The e f f i c i e n h y  i s  a funct ion o f  the ve loc i ty  r a t i o  W/V 
i n f i n i t e l y  f a r  behind the propell-er and i s  dependent on 
only one o the r  parameter E/K, which i s  the r a t i o  of 
the a x i a l  l o s s  t o  the t o t a l  l o s s .  

By introducing the sDecffic loading f a c t o r  C Q  i n  
equation ( 2 ) ,  the following expression i s  obtained: 

+ 
K 

C ONF IDE;!JT IAL 
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Subs t i t u t ing  the q u a n t i t y  cs i n  equation (4) gives 

where 

This formula shows the e f f i c i e n c y  a s  a funct ion p r imar i ly  
o f  the parameter e,/% with a s l i g h t  dependence on S / K .  
The e f f i c i e n c i e s  from the formulas given are  p lo t t ed  a s  
funct ions of 3 and c& i n  f i g u r e s  1 and 2, 
r e spec t ive ly ;  numerical values of the e f f i c i e n c i e s  a re  
l i s t e d  i n  t a b l e s  I and 11. 

It i s  o f  some i n t e r e s t  t o  give the exact  expression 
f o r  7 as a func t ion  of' V and of C ~ / K  i n  the form of 
i n f i n i t e  power s e r i e s .  These s e r i e s  are  

The very s m a l l  dependence of q on €/IC, p a r t i c u l a r l y  
i n  equat ion ( 7 ) ,  I s  evident .  

INDUCSD mLOC I T Y  AT PIiOPELLER 

I f  the  e f f i c i e n c y  i s  w r i t t e n  3.n the form 

CONFIJXiVIAL 
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the q u a n t i t y  a gives  the apparent Tnduced displacement 
ve loc i ty  a t  the p rope l l e r  d i sk .  From equat ion (4), 

- o r ,  f n  power s e r i e s  i n  w, 

Zxact formulas f o r  the ideal e f f i c i e n c i e s ,  have been 
developed. The e f f i c i e n c y  i s  gfven s imply  a s  

or 

It has deen shown by s e r i e s  developments ant* grap.8 t h a t  
the dependence o f  r] on the parameter C/K,  which i s  
the a x i a l  l o s s  i n  terms o f  the t o t a l  l o s s ,  i s  very small, 
P a r t f c u l a r l y  i n  the second formula. For t h i s  reason 
the numerical value o f  C/K. need n o t  be known to  a 
high degree of accuracy. It can be shown t h a t  E/K i s  
approxlmately equal t o  K and, f o r  most  o r a c t i c a l  
nurx)oses, t h i s  approximation i s  s u f f i c i e n t .  Om the o ther  
hand, the formulas are exact  and the value of  E must 
be obtained t o  the degree of exactness a c t u a l l y  des i red .  
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Values of E f o r  s ing le - ro t a t ing  two-blade propel le rs  
a re  given a s  an example i n  the appendix. 

Langley Memori a1  Aeronautical  Laboratory 
National Advisory Committee f o r  Aeronautics 

Langley F ie ld ,  Va. 

C ONFIDT3?TI'AL 
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DZTERMINATION OF A X I A L  L O S S  FACTOR E 

It i s  seen from the e f f i c i e n c y  formulas t h a t  the 
a x i a l  l o s s  r a t i o  E / K  e n t e r s  as  a parameter. Since the 
dependence i s  very small ,  i t  i s  s u f f i c i e n t  t o  know an 
approximate value of  C / K .  It is concluded f rom the 
following discussion t h a t  the l o s s  r a t i o  C/K I s  only 
s l i g h t l y  g r e a t e r  than the numerical value o f  the mass 
c o e f f i c i e n t  K, since t h i s  r e l a t i o n  holds f o r  the known 
case of  ay1 i n f i n i t e  number o f  blades m A d  shows reasonable 
agreement a l s o  i.n the case o f  a two-blade p rope l l e r  
f o r  h = - Unt i l  the l o s s  r a t i o  has been obtained by 

2 '  c 
d i r e c t  ca l cu la t ion ,  the n rac t i ce  of  pu t t i ng  u;-" i s  
consfdered s a t i s f a c t o r y  f o r  a l l  pur.poses. 

defined f o r  s ing le - ro t a t ing  p r o p e l l e r s  by 
Axial, t angen t i a l ,  and r a d i a l  l o s s  f a c t o r s  a re  

and 

respec t ive ly .  Further,  the t o t a l  l o s s  f a c t o r  i s  given as 

€ 4 -  E t +  € r = K  

, and are  p l o t t e d  de  't In f i g u r e  3 ,  
d(x2)' d(x2) d(x2) 

against x2 f o r  the case of' a two-blade p rope l l e r  
I with h = - These p l o t s  were made by using the  
2.  
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funct ions and constants  given by Goldstein f o r  the 
v e l o c i t i e s  vz, v t ,  and vr. The curves, upon 
in t eg ra t ion ,  y i s l d  the  values 

E = 0.0925 

E t  = 0.0768 

cr = 0.0932 

The sum of these three ,  

IC = t: + Et + = 0.2625 

i s  very n e a r l y  equal  to the value of 1c oStained 
from f igure  3 i n  Dart  I ( re ference  1). It i s  noted that  
the r a d i a l  l o s s ,  which has Seen neglected i n  a l l  previous 
discussions o f  t h i s  subjec t ,  i s  the l a r g e s t  o f  the th ree  
lo s ses .  

In  the case of  an i n f i n i t e  nuiber  o f  blades,  the 
and d e t  can be in t eg ra t ed  d €  formulas f o r  

e x p l i c i t l y  t o  give 
ax21 d ( x 2 >  

and 
E = o  r 

The t o t a l  energy l o s s  i s  then 

C ONF ID~E’RT IAL 
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The funct ions E, c+, and K are  p l o t t e d  aga ins t  h 
i n  f igure  11. A p l o t  o f  the funct ion E/K i s  a l s o  shown 
i n  f igu re  4. The value of E / X  f o r  a two-blade pro-  
p e l l e r  w i t h  h = - which i s  obtained from the given 

da ta ,  i s  shown Sy a point  i n  f igu re  4. 
f o r  the case o f  an i n f i n i t e  number o f  blades,  E/K i s  
s l i g h t l y  g r e a t e r  than K ;  whereas, for the two-blade 

p rope l l e r  with h = - - = 0.35 and K = 0.2625. The 
quan t i ty  E/K may therefore  be t e n t a t i v e l y  est imated 
as somewhat g r e a t e r  than K .  

1 
2 *  

I t  i s  noted t h a t ,  

1 E  
2’ 

CONFIDENTIAL 
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